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Abstract: The article describes statistical methods of verification of measurements 
taken to determine geographical position of a single soldier on a battlefield using 
the latest GPS satellite techniques. The GPS system allows of considerable 
improvement in effectiveness of military operations owing to its capabilities to 
provide precise location of either the whole organizational unit or a single soldier, 
and precise time. What has been gained from experimental tests are sets of tables 
with, among other elements, geographic coordinates to express location (longitude 
and latitude), and altitude. 
 
Keywords: GPS measurements, statistical verification 
 
Streszczenie. W artykule opisano statystyczne metody weryfikacji 
eksperymentalnych badań z pomiarów, których celem było określenie pozycji 
geograficznych pojedynczego żołnierza na polu walki z wykorzystaniem 
najnowszych technologii satelitarnych GPS. Utworzony system pozwala na 
podniesienie efektywności działań wojskowych poprzez wykorzystanie możliwości 
określenia precyzyjnej lokalizacji i czasu, jednostek organizacyjnych i 
pojedynczego żołnierza. W wyniku przeprowadzonego eksperymentu otrzymano 
zestawy tablic, których elementy to parametry położenia geograficznego (długość 
i szerokość geograficzna) oraz wysokość bezwzględna. 
 
Słowa kluczowe: pomiary GPS, weryfikacja statystyczna. 
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1 Introduction 
 
Satellite navigation is a wide-spread system composed of satellites in Medium 
Earth Orbit, ground stations, and users’ receivers. First research into potentialities 
for applying satellite-emitted signals to determine geographic coordinates of 
objects on earth were carried out as early as in 1957. Since then, several navigation 
satellite systems have been developed, each of them offering higher ever 
positioning accuracy.   
The most popular now is the Global Positioning System (GPS). Initially, it was 
intended to satisfy needs of the US and allied military users. Its suitability for 
civilian economy was discovered soon. GPS receivers have become much cheaper 
and smaller; artificial limitations on their accuracy have also been mitigated or 
cancelled. As far as military applications are concerned, the system was suggested 
for finding the exact geographic position of a single soldier. 
There are several methods of positioning. The most essential subdivision depends 
on the technique of taking measurements. Coordinates of any point may be found 
using the positioning mode of operation that can be either absolute or relative. If 
there is only one GPS satellite receiver available, one can find the position, i.e. 
coordinates of the antenna station within the system that gives orbits of GPS 
satellites (World Geodetic System WGS 84) as related to the coordinate origin of 
the WGS 84 meant to be located at the Earth’s centre of mass. This is the least 
precise technique and relatively seldom used (navigation measurements dedicated 
one). Accuracy of this technique of defining co-ordinates is several meters at the 
most; it is very difficult, however possible. To reach it, some specific procedures of 
results handling should be applied.   
Much more common are techniques of defining relative coordinates. Such being 
the case, there need be at least two GPS receivers. What is to be found are 
differences in coordinates, i.e. ΔX, ΔY, ΔZ, between all satellite points taken into 
account in the measurements instead of coordinates of individual stations. 
Accuracy of such methods is considerably higher mainly because of the fact that 
many errors in satellite measurements (ionospheric and tropospheric refraction 
errors, satellite orbits, clock errors, etc) cancel each other. 
Two methods were used to take measurements in the course of testing work, i.e. 
the GPS Fast Static and the RTK (Real Time Kinematic) methods.   
The GPS surveying with the Fast Static technique requires at least two GPS 
receivers: one set upon the point of reference, the other one moving from one 
station setup to another. This technique requires one measurement to be taken only 
once at each stated point. It does not need uninterrupted continuous tracking of 
satellites while moving the receiver (i.e. a soldier) from point to point. However, 
measurements with this technique are only possible using dual-frequency P-code 
receivers with specialised software built in. Any measurement with this method 
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consists in the fast finding of the phase indeterminacy using a combination of code 
and phase measurements taken on both frequencies L1 and L2.  
Measurements with the Real Time Kinematic technique need one single base 
station receiver, in relation to which position of some other mobile receiver is 
determined. It means that position of the mobile receiver determined with this 
technique takes account of data from another receiver with a precisely fixed 
position, or from the whole network of such receivers. Application of corrections to 
the mobile receiver’s position is indispensable because of the effect of the 
atmosphere upon signal propagation through the atmosphere and the measuring 
errors (ephemeris and multipath errors, errors due to the antenna-phase-centre 
variation). The RTK concept has been based mainly on the difference phase 
measurements. A great advantage of this approach is capability to determine 
differences in distances between two receivers with accuracy of 10- 2 phase cycle, 
i.e. single millimeters. On the other hand, the greatest disadvantage is the necessity 
to maintain continuous communication between the receiver and the station so as to 
facilitate correction data transfer to the mobile receiver. 
 

The experiment was intended to perform tests with the newest GPS satellite 
surveying techniques that show great potential for increasing effectiveness of 
military operations by means of precise determination of position of a single 
soldier on a battlefield. What has been gained from experimental tests are sets 
of tables with, among other elements, geographic coordinates to express 
location (longitude and latitude), and altitude. 

2 Computations 
The size of a sample in the conducted test is 1534, which gives good grounds for 
assuming, and with high probability, normal distribution of the following form: 

 








 
n

,mN  

where:  m  - expected value,  
  - standard deviation of the statistical population (in this case remains 

unknown but for statistical analysis, i.e. determination of the 
confidence interval, and testing the null hypothesis one should 
assume standard deviation from the conducted Su).  

 
Two separate tests have been conducted on a landing ground, both aimed at 
determination of geographic position and height. Results thereof have been 
presented in the form of tables and included in the report as enclosures.     
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2.1 Numerical characteristics 
Descriptive statistics should be started with presentation of the basic numerical 
data, i.e. numbers that describe distribution of a given feature of the population. 
These are, in fact, parameters of the measuring (random) variable distribution, 
since exactly the same probability equal to 1/n is attributable to each statistical 
datum (in this case, measuring datum). This means acquisition of further measuring 
data is possible to exactly the same degree.  
Numeral characteristics of the feature X, similarly to parameters of the random 
variable distribution, can be divided in the following way:        
 characteristics of location (arithmetic mean, median, mode); 
 characteristics of dispersion (variance, standard deviation, coefficient of 

variation, average deviation, range); 
 characteristics of asymmetry (skewness, asymmetry coefficient); 
 characteristics of ’peakedness’ (kurtosis). 
  

2.1.1 Characteristics of location  

 
 The arithmetic mean of measuring data: 





n

1i
ix

n
1x  

where:  n   - the size of a sample,  
xi - value of a subsequent (i-th) measurement. 

 

Test B L h 

Airfield 
L1, L2 52 25 2.48797 20 57 8.01524 140.4958 

Airfield L1 52 25 2.48809 20 57 8.01502 140.4952 

 

 The median of data: 
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Test B L h 

Airfield 
L1, L2 52 25 2.48797 20 57 8.01525 140.4960 

Airfield L1 52 25 2.48808 20 57 8.01501 140.4950 

 
 The modal feature value (notation d) – the most often occurring measuring-

data point (if in existence at all). The modal value is also termed ‘mode’: 

Test B d L d h d 

Airfield 
L1, L2 52 25 2.48797 41 20 57 

8.01512 
and 

8.01531 
27 140.489 38 

Airfield 
L1 52 25 2.48804 82 20 57 8.01499 70 140.496 109 

 
 Interpretation of characteristics of location:  

The arithmetic mean, the median, and the mode are exemplars of the so-
called characteristics of location, i.e. measures that inform of an average 
quantity/size of a given feature of the population. These measures are what 
values of a given feature of the population are concentrated around. In other 
words, the recognised characteristics are measures of the central tendency of 
the value of a given feature of the population.  

 
Fig. 1   Measurements taken and locations of the mean, median, and mode 

(geographic latitude 52o 25’, plus seconds on the Y-axis) 
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Fig. 2 Measurements taken and locations of the mean, median, and mode 
(geographic latitude 20o 57’, plus seconds on the Y-axis) 

 
 

 
 

Fig. 3  Measurements taken and locations of the mean, median, and mode 
 (height) 
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Fig. 4 Measurements taken and locations of the mean, median, and mode 

(geographic latitude 52o 25’, plus seconds on the Y-axis) 

 
Fig. 5 Measurements taken and locations of the mean, median, and mode 

(geographic latitude 20o 57’, plus seconds on the Y-axis) 
 

The arithmetic mean is a measure that informs of what value of a given 
feature items of the whole population should have if all data items were 
equal to each other and the sum of all the values was the same (division of 
the size/quantity into n equal parts).   
The median divides a data set up into two equipotent subsets: one of them 
comprises data lower than or equal to the median, the other one comprises 
data equal to or higher than the median.   
The mode is the most typical statistical data item. 
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Fig. 6. Measurements taken and locations of the mean, median, and mode 

 (height) 

2.1.2 Characteristics of dispersion 

 variance of statistical data x1, x2, …., xn: 
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Test B L h 

Airfield 
L1, L2 0.00000001 0.00000001 0.00004 

Airfield L1 0.00000005 0.00000009 0.0004 

 standard deviation of statistical data x1, x2, …., xn: 
2ss   

 

Test B L h 

Airfield 
L1, L2 0.00023 0.00030 0.0203 

Airfield L1 0.00009 0.00012 0.0064 

 coefficient of variation of statistical data x1, x2, …., xn: 
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Test B L h 

Airfield 
L1, L2 0.0091% 0.0037% 0.0145% 

Airfield L1 0.0035% 0.0015% 0.0045% 

 

 range of statistical data x1, x2, …., xn: 

minmax0 xxr   
 

Test B L h 

Airfield 
L1, L2 0.00132 0.00167 0,1370 

Airfield L1 0,00053 0,00071 0.0440 

 

 interval of typical units in the population (confidence interval): 
sX;sX 

 
 

Test  B L h 

fro
m 52 25 2.48774 20 57 8.01495 140.4755 Airfield. 

L1,L2 
to 52 25 2.48819 20 57 8.01554 140.5161 
fro
m 52 25 2.48800 20 57 8.01490 140.4888 Airfield. 

L1 
to 52 25 2.48817 20 57 8.01514 140.5016 

 
 interpretation of the data of dispersion: 

The variance, the standard deviation, the coefficient of variation, and the range are 
exemplars of the characteristics of dispersion (variability, differentiation). Each of 
these characteristics equals to zero only in the case all statistical data items are 
equal; on the other hand, it gains value when data items are more differentiated. 
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The variance and the standard deviation measure dispersion of statistical data items 
from their arithmetic means. If any data item is expressed with a given unit, then 
the variance is expressed with the same squared unit. The standard deviation is free 
of this inconvenience. The coefficient of variation expresses what percentile the 
standard deviation is against the value of the arithmetic mean. It is a dimensionless 
number. Therefore, it is suitable to compare between differentiations of features of 
the population expressed with different units.   
The range expresses the length of the shortest interval, into which all statistical data 
items belong.  

 

2.1.3 The symmetry and asymmetry of the distribution of a feature of the 
population 

 

Measures of asymmetry of the distribution of a feature of the population are as 
follows: 

 skewness: 
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where:  s – standard deviation of a sample; the numerator is called the third-order 
central moment. 
 

Test B L h 
Airfield 
L1, L2 -0.00000001 0.00000001 -0.151 

Airfield L1 0.0036 0.1836 0.023 
 

 asymmetry coefficient: 

s
dxa1




 
 

where; s,d,x  - the mean, the mode, the standard deviation of the sample, 
respectively.  

 

Test B L h 
Airfield 
L1, L2 -0.189 0.418 0.333 

Airfield L1 0.522 0.253 -0.125 
    

 interpretation of the parameters of the symmetry and asymmetry: 
If a and a1 equal zero, the distribution of a feature (sample) is symmetric; if they 
are different from zero, the distribution is asymmetric. What is more, if data items 
are positive, the asymmetry of the distribution is right-skewed; if they are 
negative, the distribution is left-skewed. 
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The absolute values of the skewness and the asymmetry coefficient are measures of 
the asymmetry power: the higher they are, the stronger is the asymmetry. Both the 
skewness and the asymmetry coefficient are dimensionless numbers. Hence, they 
can be used to compare between the asymmetries of features of the populations 
expressed with different units.  

2.2 Testing of parametric hypotheses  
The theory of the hypothesis testing deals with methods of checking statistical 
hypotheses. A statistical hypothesis is a conjecture on an unknown distribution of 
the feature under examination. In the case given consideration in this paper subject 
to the testing are measured values. Hence, the hypothesis in question has been 
termed ‘the parametric hypothesis’.  
To carry out a test there are hypothesis testing procedures available. To satisfy our 
needs, a test to verify the hypothesis with expected value and unknown standard 
deviation of the population should be applied. What is used to determine the value 
of reference in this test is the Student’s t-distribution with n - 1 degrees of freedom.   
To check the correctness of conducted measurements it is indispensable to test the 
null hypothesis that the average values gained equal (with very high probability 
approaching unity) the expected values. Actual parameters of the airfield have been 
accepted as the expected values, i.e.:  

Expected  
value B  L  h 

m0 52 25 2.48828  20 57 8.0151  140.511 

whereas the alternative hypothesis which reads ‘the average values gained are so 
much different from the expected values that they cannot be accepted as reliable’.  
With the assumption in mind that the standard deviation of the population remains 
unknown, and what is known is the standard deviation of the conducted tests S, we 
set to compute value of reference Un from the following relationship: 

1n/S
mXU 0

n



  

Having substituted our data, we get the following values of reference Un: 
 

Un B L h 
Airfield 
L1, L2 -0.035 0.012 -0.019 

Airfield L1 -0.056 -0.018 -0.063 
 

If we assume the significance level to be  = 0.01, and n-1 degrees of freedom 
(1531), we can find the value of the parameter k which determines the critical 
region K of the following form:  
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  ;kk;K . 

In the case given consideration we get k = 2.576. Hence, the critical region K takes 
the following form: 

  ;576,2576,2;K  
The comparison between the already found values of reference Un (shown in the 
foregoing table) allows us to conclude that all values of reference are beyond the 
critical region K, which makes us accept the null hypothesis that states the 
conducted tests are fully reliable and very well determine geographic parameters of 
the object under examination (an airfield).  
 

3. Summary 
 

The statistical analysis of measurements has proved very good quality of results 
gained for both measuring methods. Average measurements have proved to be very 
close to actual parameters, and standard deviations thereof have shown high 
repeatability.  
Therefore, it should be stated that the applied measuring method is correct and 
fully deserves wide application while determining geographic positions of any 
objects of interest to us.  
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